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The computation of the spectrum of primordial perturbations, generated by a scalar field during 
the superinflationary phase of Loop Quantum Cosmology, is revisited. The calculation is performed 
for two different cases. The first considers the dynamics of a massless field and it is found that 
scale invariance can only be achieved under a severe fine tuning. The second assumes that the field 
evolves with a constant ratio between kinetic and potential energy, i.e. in a scaling solution. In this 
case, near scale invariance is a generic feature of the theory if the field rolls in a steep self interaction 
potential. 

PACS numbers: 98.80.Cq 



I. INTRODUCTION 

The inflationary scenario is currently the favored 
model for the evolution of the very early universe Q, 0, 
ES IH EEL ■ Inflation arises whenever the universe under- 
goes a phase of accelerated expansion and was originally 
introduced to solve a number of perceived problems with 
the hot big bang model of the universe, including the flat- 
ness, horizon and monopole problems p|. More impor- 
tantly, however, inflation is currently the favored model 
for large-scale structure formation since it can create a 
scale invariant spectrum of primordial density fluctua- 
tions, which provide the seeds of cosmic structure 7]. In 
the simplest versions of the scenario, inflation is realized 
by a scalar field, the inflaton, whose kinetic energy is neg- 
ligible when compared to its potential energy such that 
4> 2 < V 0. This is typically called, slow-roll inflation. 

Given the importance of inflation and that it occurred 
in the early stages of the universe's evolution, in poten- 
tially high curvature and density regimes, it is natural to 
investigate connections between inflation and quantum 
cosmology. This has recently been done in the context 
of Loop Quantum Cosmology (LQC), which is the appli- 
cation of Loop Quantum Gravity (LQG) to symmetric 
states (for reviews, see Refs. 0, 0, I n particular 

LQC gives rise to a "semiclassical" regime in which the 
standard equations become modified by non-perturbative 
quantum geometrical effects. These semiclassical equa- 
tions have been employed to study potential connections 
between LQC and inflation, and a number of important 
results have been obtained. For example in the context 
of a universe sourced by a minimally coupled scalar field, 
the semiclassical modifications cause an anti-frictional ef- 
fect which accelerates the field along its self-interaction 
potential. In principle this effect can push the field up 
its potential and set the initial conditions for subsequent 
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slow-roll inflation [H d E Q E 13 . 

The most striking feature of LQC, however, is that 
the anti-frictional effect also causes the universe to un- 
dergo an inflationary period |l8j| . In contrast to stan- 
dard slow-roll inflation, where inflation is driven by the 
self-interaction potential of the scalar field, in LQC the 
inflationary phase is now driven by quantum geometrical 
effects. Moreover, it is possible to show that this pe- 
riod of inflation will occur independently of any partic- 
ular form of the potential [l7|. LQC therefore naturally 
predicts that the universe must evolve through an infla- 
tionary era, irrespective of whether this era is followed 
by a phase of standard slow-roll inflation or not. 

It is natural to ask therefore, whether or not this period 
of LQC inflation is able either to replace or to supplement 
standard inflation, and what its observational signatures 
would be. In order to answer this question one must 
consider both the number of e-folds of inflation which 
the LQC phase can give rise to, and the spectrum of 
perturbations which this phase will produce. 

The first of these issues has been addressed previously 
[19j and the conclusion was found to depend both on ini- 
tial conditions and the value of a particular quantization 
ambiguity parameter labeled j |2(| • In order to solve the 
problems of the hot big bang model, the required value of 
the parameter j is very large. That LQC inflation can re- 
place standard inflation therefore seems disfavored, given 
that smaller values of the parameter j can be argued to 
be more natural than larger ones . 

The issue concerning the spectrum of perturbations 
produced by the LQC inflationary phase, which might 
leave a signature of this phase, is a more subtle one. 
An important point is that during the LQC inflation- 
ary phase, not only does the growth of the scale fac- 
tor accelerate, but the Hubble parameter also grows, 
H > 0. Hence this phase is actually a superinflation- 
ary one, and experience from standard inflation suggests 
that we should expect the spectrum of perturbations to 
be strongly blue tilted (n s > 1, where n s is the spectral 
index). A recent study finds, however, that the LQC in- 
flationary scenario can produce a nearly scale invariant 
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spectrum of perturbations [2l| . The study also finds that 
a generic prediction is that the spectrum will be slightly 
blue tilted, in contrast to most slow-roll models which 
have a small red tilt, and that this result is robust, being 
independent of ambiguities in the quantization scheme. 
This might lead one to believe that near scale invariance 
with a small blue tilt is a generic and observationally 
falsifiable result of LQC, in contrast with standard in- 
flation where there is a large amount of freedom in the 
value of the spectral index associated with the form of 
the potential. The calculation of the power spectrum in 
Ref. [2]]], however, uses the so called direct method p^ . 
This method is not the standard one which is normally 
invoked for calculating the powe r sp ectrum of slow-roll 
inflation, but it is argued in Ref. j2Jj that the use of the 
direct method is more natural within LQC because of 
the minimum natural length scale introduced by LQC, 
and the lack of a general expression for the stress energy 
tensor in LQC. 

Two further important aspects of the calculation in 
Ref. |2j| are important to note. First, it assumes that 
the effective equation of state, w = p/p, for the uni- 
verse as a whole is given by w ~ — f. This can only 
be true either at the end of the superinflationary phase, 
or under severe fine tuning of the model's parameters. 
Secondly, it assumes that the background spacetime in 
which the scalar field lives is unperturbed, and consid- 
ers only perturbations in the scalar field. At the present 
time this is a necessary assumption, as the modified semi- 
classical equations of LQC are only known for an un- 
perturbed background. This assumption is technically 
invalid as it clearly violates Einstein's field equations, 
however, whether it proves to be a useful approximation 
remains to be seen. Experience from other applications 
of perturbation theory in the early universe suggest that 
in some cases this approximation is very useful. For ex- 
ample in standard slow-roll inflation a calculation of the 
spectrum of scalar field perturbations, using this approx- 
imation, can be applied to produce an accurate estimate 
for the spectrum of the comoving curvature perturba- 
tions, which is ultimately the important quantity for ob- 
servations 0, In other situations it is less useful, 
for example in the ekpyrotic scenario the application of 
a similar procedure to that used for slow-roll inflation 
yields erroneous predictions (see 0>H^|). 

In this short note, we readdress the question of whether 
a scale invariant spectrum of primordial perturbations 
can be produced during the LQC superinflationary era 
using methods commonly employed in inflationary cos- 
mology. Moreover, we do not make any assumptions 
about the universe's expansion rate, rather allowing it 
to be determined by the LQC dynamics. We continue to 
use the approximation in which the background space- 
time is unperturbed and therefore focus on the spectrum 
of scalar field perturbations produced in this approxima- 
tion. 

We proceed as follows. In section II we introduce 
the semiclassical regime, we summarize previous results 



which we require in section III, and our new results are 
presented in sections IV and V. Finally we conclude in 
section VI with a summary of what we have learned, and 
a discussion of how the results may be useful in the fu- 
ture. 



II. SEMI-CLASSICAL DYNAMICS 

LQC is based on a Hamiltonian formulation of Gen- 
eral Relativity. The dynamics is therefore governed by 
a Hamiltonian constraint equation which we can present 
schematically as 7i gr avity + H ma tter = , where we have 
indicated that the constraint consists of a gravitational 
and a matter part. 

The effective or semiclassical equations of LQC arise 
by incorporating into the classical Hamiltonian non- 
perturbative quantum effects from the underling LQG 
quantization procedure. A number of approaches have 
been taken to derive and verify the resulting effective 

Hamiltonian [H HI IH |2<| . A robust result of these ap ~ 
proaches is the introduction of modifications which come 
from the quantization of inverse metrical quantities. In 
general such corrections occur both in the matter and 
the gravitational parts of the constraint, but most atten- 
tion (with the exception of |28j |) has so far been focused 
on corrections to the matter Hamiltonian which give rise 
to the superinflationary effect. Let us now consider this 
Hamiltonian in more detail when the matter source is a 
scalar field. 

A crucial first step in formulating LQG is to rewrite 
canonical gravity in terms of Ashtekar variables, which 
are the densitised triad Ef and the Ashtekar connection 
A l a where Ef = ef/\ dete||, with e?e| = q ab with q ab the 
spatial metric, and A\ = V a + K l a with T the spin con- 
nection and K the extrinsic curvature. The indices run 
from one to three. When written in Ashtekar variables 
the matter Hamiltonian for a general spacetime becomes 

2 J\ det.EJ| 2^/1 det^|| V 

(1) 

The terms in this Hamiltonian which involve inverse 
expressions cannot be quantized in a straight forward 
manner and must first be regularized by a procedure in- 
troduced by Thiemann |30l l3l| . The expressions which 
result from this procedure are rather complicated, and 
in particular are subject to an number of quantization 
ambiguity parameters. 

Here we are interested in isotopic LQC and in this case 
the matter Hamiltonian reduces to 

H* = \ J^ + Jdet Ef\V{4>), (2) 
2 y/\tetE?\ V 

where we have set the gradient terms, which would 
violate isotropy, to zero. We are also assuming, for 
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simplicity, that E represents the isotopic triad. In 
this setting the only inverse term is the inverse volume 
(| det -EJ| -1 / 2 ), which classically is simply a~ 3 in terms 
of metric variables. Quantum mechanically however, this 
term must be quantized following Thiemann's prescrip- 
tion (for details see 

The spectrum for the inverse volume can be calculated 
exactly in isotropic LQC, but because of the regular- 
ization the answer depends on a number of ambiguity 
parameters [2£j. Above the scale of discreteness set by 
a, = y/jipi, where 7 = 0.27 is the Barbero Immizi pa- 
rameter, spacetime can be considered to be continuous, 
and the inverse spectrum can be approximated by a con- 
tinuous function. There is a second scale of import ance , 
however, which is set by a second quantity, a* = aj-^/j/3, 
where j, which takes half integer values, is one of the 
quantization ambiguities. Above this scale the eigenval- 
ues of the inverse operator follow the classical values, 
while below it they are radically different. In fact, where 
the classical inverse volume is infinite, i.e. at the classical 
singularity, in LQC the inverse volume is zero. We find 
therefore that if a* > Oj, which implies j > 3, then there 
is an overlap between the regions in which the inverse 
volume can be approximated by a continuous function, 
and where the inverse volume deviates significantly from 
the classical expression. This is the semiclassical regime, 
and the semiclassical matter Hamiltonian is simply ar- 
rived at by replacing the inverse volume term in Eq. © 
by the continuous approximation function. 

The function which approximates the spectrum of the 
inverse volume is given by a _3 D(q), where q = (a/a*) 2 
and 

D(q) = || g 1 -'[a + 2)- 1 (( g +l)'+ 2 -|g-ir 2 ) 



1 + / 



q ((9 + 1) 
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where I is another quantization ambiguity. From con- 
siderations of the regularization procedure within LQC, 
I is constrained to the range < Z < 1, while from 
considerations of the procedure within the full theory 
of LQG it must take a discrete set of values given by 
Ik = 1 — (2fc) _1 > 1/2, where k is an integer |20|. The 
expression for D (q) for a <C a* can be approximated by 
D(q) « (3/(1 + ;))3/(2-20 g 3(2-o/2(i-0. It has a global 

maximum at a sa a* and falls monotonically to D = 1 
for a > a». Hence the classical inverse volume, a~ 3 is 
recovered for a 3> a*. 

Replacing the inverse volume with this function one 
arrives at the semiclassical Hamiltonian, which we give 
here in terms of the scale factor including both the matter 
and gravitational parts: 



H = - 



8<i 



a 2 a + ~^Da 



" 3 n 2 

P<t> 



a A V = 



(4) 



Using this Hamiltonian density and considering (j) — 
dH/dpcf, we find that — a 3 <j)/D, and hence TLj, + 
a 3 4> 2 /2D + a 3 V. Then on dividing the Hamiltonian con- 
straint by a 3 , we arrive at the modified Friedmann equa- 
tion 



a J 3 



i D -^ 2 + V(<p) 



(5) 



The other dynamical equations can also be found using, 
P0 = -dH/d(j>, 



3 Hii- 1 - dbD 



.. „ -~+^ = o. (•) 

6 a ma 

and combining Eq. (j^Jl with (jSJ we also find 

III. BACKGROUND EVOLUTION 

Before moving on to considering perturbations of the 
scalar field we require an understanding of the back- 
ground dynamics. In particular we confine ourselves to 
the regime a <C a*, where analytic progress can be made. 

In this regime, we write the correction function as 
D = D*a n with n = 3(2- I)/ (I - I) (hence 6 < n < 00) 

and A, = (3/(l + Z)) 3/(2 ~ 2i) a2 ( ^ 2)/(1 ~°. From Eq. Q it 
can be seen that the universe undergoes superinflation- 
ary expansion, H > 0, for n > 6, independently of the 
form of the self-interaction potenti al. W e will be inter- 
ested in the cases where the ratio \J2D H/cf> = constant. 
This comprises the cases of a massless scalar field and of a 
scaling solution (when the ratio of kinetic to potential en- 
ergy is a constant). In both these cases, the evolution can 
be solved exactly, and the scale factor undergoes power 
law growth. When we come to deal with the perturbed 
equations, we will find it more convenient to work with 
conformal time dt = adr, and so we give the background 
evolution using this time variable. 

A. Massless scalar field 

Considering a massless scalar field, Eqs. JS}, 10 and Q) 

can be solved to yield a 2- ™/ 2 = a 2 n 7™^ 2 + A 2 ~ n / 2 {T- m i t — r) 
where 
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1/2 



l -D 



1nit 
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2/(4-n) 



(8) 



which is positive-definite for n > 4. It is convenient to 
rescale time to absorb the constant term into our defini- 
tion of conformal time such that 



We can now derive the semiclassical equations of motion. 



a = A(- T y, 



(9) 
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where p = 2/(4 — n) < 0. It is worth pointing out that r 
is negative and increasing for an expanding universe and 
decreasing for a contracting universe. 



B. Scaling Solution 

A second way to achieve power law growth in the 
regime a -C a* is for the field to roll in a self interac- 
tive potential of the form 



v(4>) = v \4f , 



(10) 



with /3 > 0. 

The analogous scaling solution in the classical regime, 
which is exponential in form, is very important in under- 
standing the production and evolution of perturbations 
in the standard single field inflationary scenario, and we 
expect that this scaling solution has the same degree of 
importance in the LQC scenario. 

Using a rescaled conformal time, the growth of the 
scale factor and the field are then determined by the ex- 
pressions 



<f> = F(- T y 



(ii) 



where v = np/2, p = —4/ (n/3+4) < 0. Vq is related to the 
constants A and F and the powers v, n and p, however, 
this relation is not important in what follows. Obviously, 
the constant A, does not need to take the same value as 
in Eq. ©. 



IV. PERTURBATION THEORY 

If we are to fully understand the evolution of cos- 
mological perturbations in LQC, we must perturb both 
the gravitational and the matter sectors of the theory, 
about the homogeneous background. So far, however, the 
quantization procedure in LQC has only been performed 
for homogeneous spacetimes, and not for the perturbed 
cases. This means that the full perturbed semiclassical 
equations have so far not been derived. In their absence, 
we may adopt a more modest approach. This is, to as- 
sume that the background spacetime is unperturbed, but 
to allow perturbations in the scalar field. The assumption 
is valid for cases in which perturbations of spacetime are 
much smaller than those of the matter source, or equiv- 
alently where the matter perturbations have a negligible 
effect on the background spacetime. In this case we can 
calculate the power spectrum of the scalar field's pertur- 
bations on super-horizon scales produced from quantum 
mechanical fluctuations. 

Ultimately the quantity which is relevant to observa- 
tions after the inflationary era is the power spectrum of 
the comoving curvature perturbation. We comment how 
this might be calculated from the spectrum for the scalar 
field perturbations in the discussion section. 



To follow even the modest approach and allow inho- 
mogeneities in the scalar field, we must include a gra- 
dient term in the matter Hamiltonian, H^,. This term, 
strictly speaking, violates homogeneity but we will as- 
sume that the effect on the background spacetime is suf- 
ficiently small that it can be neglected. Including this 
extra term, the matter part of Eq. (@J becomes 



a G{a) 5 ij di(<f> + 5<f>)dj ((/) + 5cf>) 



1 

-a z V{ct> + 54>) 



(12) 



In this expression we have introduced a correction func- 
tion G(a), which we expect to arise due to the term 
E?Ebd a (()d b (j)/\detE<j\- 1 / 2 in Eq. JTJ which involves in- 
verse quantities, and must be regularized in a similar 
manner to the inverse volume term. This term has so far 
not been calculated within LQC, and to attempt to do 
so here is beyond the scope of this note. Indeed in the 
previous study of perturbations in LQC this term was 
assumed to be unity. The relevant regularization proce- 
dure for this term is closely connected to that for the 
inverse volume, and we anticipate it to have a similar 
form, in particular we assume that G = 1 in the classi- 
cal regime, but has a region for small values of the scale 
factor where G cx a r , where r will depend on a new quan- 
tization parameter. In our study we will again assume, 
as in previous studies, that r = 0. However, our method 
can easily be generalized to take account of a non zero 
r and in the section VI we discuss how this would affect 
our results. 

Using Eq. (|12|) . the unperturbed Eqs. ©-Q) are unal- 
tered, but we have the additional perturbation equation 



~~D 



6(f>' + D 



V z -a 2 



,d 2 V 



>, (13) 



where a prime means differentiation with respect to con- 
formal time r. Using conformal time is helpful because 
it allows us to write Eq. (|13f) in the particularly simple 
form 

u" + (Dk 2 + m 2 cS ) u = , (14) 
where u is defined as u = aD^^dd), and 



(ap- 1/2 y , 2n d 2 V 

m ° s = - aD-ya +aD W 



(15) 



is the effective mass of the field u. 

In an equivalent approach, the scalar field equation in 
the semiclassical LQC regime in the absence of metric 
perturbations, can be derived from an effective action. 
In terms of conformal time, the action can be written as 



S = I dr d 3 x£ = I dr d 3 — 4 



1 



2 Da 2 



- V . (16) 
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Adding the gradient term —§' i: >di4>dj(j)/2a to the quantity 
within brackets and including a linear perturbation in 
the field around its background solution we find that the 
perturbed part of S can be written as 



5S = ^ I drd 3 x(u' 2 



DSVdiudiU-mlnU 2 ) , (17) 



and when varied, this action also leads to Eq. i|14|). 

V. POWER SPECTRUM 

The action for u (|17fl is now formally equivalent to 
that of a scalar field with a variable mass term, and a 
D term multiplying the gradient part. In order to calcu- 
late the spectrum of the perturbations, produced during 
the super-inflation due to quantum fluctuations, we must 
consider the field theory associated with the field u. 

The momentum canonically conjugate to u is given by 



7r(Y, x) = 



dC 
du' 



(18) 



The theory is then quantized by promoting u and n to 
operators which satisfy the usual commutation relations. 
We Fourier decompose it to give 



d 3 k 
(2tt) 3 / 2 



w/c(r)a k e 



■wl(r)ale 



(19) 



where Wk are mode functions which satisfy the same 
equation as u 



dT 2 



(Dk 2 



W k = 



(20) 



In order to have a well defined field theory, we must also 
ensure that Wk is such that the creation and annihilation 
operators, a k and Ok, satisfy the usual commutation re- 
lations for bosons. This means that Wk must satisfy the 
Wronskian condition 



: dW k 

'■ dr 



dw *k 

dr 



(21) 



In general, however, this condition does not give rise to 
a unique choice for u>k , instead it allows a set of possible 
choices corresponding to a set of different Fock repre- 
sentations. In the cosmological context a unique choice 
is normally determined by considering a limit in which 
the time dependence of the scale factor can be neglected, 
and hence where the physics ought to reduce to that of 
Minkowski space. In this limit Wk is normalized to select 
only the advanced solution. Once the initial condition 
is selected and the Wronskian condition met, a vacuum 
state is defined which is annihilated by all Sk, such that 
flk|0) =0. 

The power spectrum of fluctuations about this vacuum 
state is defined by the vacuum expectation value such 
that 



He 

k 3 



P^ (3) (k-1) 



(22) 



where we have implicitly Fourier decomposed the field 
perturbation 8(f>, and defined i*k = aS(j)k. Using Eq. ^ 
we find 

(«k«f> = K| 2 <5 (3) (k-1) , (23) 
and hence that the power spectrum is given by 

£.3 



-Pu = ^\Wk\ 



(24) 



We now proceed to derive the form of the power spectra 
for the two cases under study. 



A. Massless field 

As we have seen, during the semiclassical phase we 
have D = D*a n , and we have power law growth with 
a = A(— t) p where p = 2/(4 — n). Inserting this into 
Eq. we obtain 



d 2 w k 



+ (D*A n (-T) np k 2 + 



'off' 



Wk = . 



dr 2 \ 

For the massless case, using Eq. (|15H . we find 

m 2 cS T 2 = -p{p- 1) . 
The general solution admitted by Eq. (|25|) is, 

Wfe(r) = ciy/^r J\ v \(x) + c 2 \/^tY\ 1/ \(x) , 



(25) 



(26) 



(27) 



where J|„|(:c) and l^j,|(a;) are Bessel functions of the first 
and second kind respectively and we have defined 



2 + np 



and 



x = ak(-T)^ 2+n P^ 2 = 



2p 



np 



Dk 



aH 



(28) 



(29) 



with a — 2v 'D*A n /\2 + np\ and x > 0. We normalize 
this solution such that the Wronskian condition l|21l) is 
satisfied which in general gives 



w k (r) 




(30) 



where d\ and di are constants subject to the condition 
Mi| 2 - \d 2 \ 2 = 1 and H^{x) and H$(x) are Han- 



kel functions of the first and second kind, respectively. 
Moreover, the Hankel and Bessel functions are related 
through the expressions: h9J{x) = J\v\{x) + iY\„\(x) 

(2) 

and H}J(x) = J\ v \(x) — iYjj,|(x). We now consider the 
small wavelength limit in which the wavelength of the 



6 



mode functions is far inside the cosmological horizon, 
and where we might expect a Minkowski form for the 
mode functions. This limit corresponds to, i» 1, and 
the asymptomatic form of Eq. i|3U|) is 



Wfe(r) 



i-r) 



-np/4 



(di exp(iaA:(-r)( 2+np )/ 2 ) 



y/\2 + np\ ak 
+ d 2 exp(-ia/fc(-r) (2+np)/2 )) 



(31) 



In the standard inflationary scenario the analogous solu- 
tion reduces to two plane waves propagating in opposite 
directions in time, only the advanced solution is selected 
and Wfe(r) = e~ lkT /y/2k in this limit. In our case the 
solution only has the same form as flat spacetime when 
n = 0, i.e. when the universe is classical. The two com- 
ponents to our solution however still represent advanced 
and retarded solutions, and by analogy we select only 
the advanced solution, this means we set d\ = 1 and 
c?2 = 0. This can be justified by considering a mode 
whose wavelength remains well inside the cosmological 
horizon throughout the superinflationary evolution. Our 
normalization is then consistent with the Minkowski limit 
once super-inflation has ended. Moreover we note that 
ultimately our interest is in the k dependence of the so- 
lution in the large wavelength limit, which is unaltered 
by the normalization as long as the Wronskian condition 
is satisfied. That the solution does not reduce to the 
Minkowski limit however, already suggests that there are 
going to be clear differences in the evolution of pertur- 
bations with respect to the standard case whenever a 
geometric correction to the kinetic term of the field oc- 
curs. 

We can now look at the long wavelength limit of our 
properly normalized mode functions. The long wave- 
length limit is given by k <C 1, and for a specific finite 
time r this corresponds to x <C 1, and hence to wave- 
lengths well outside the effective horizon. In this limit 
we have 



J\u\{x) 
y\u\(x) 



1 



r(H + i) V2, 

r(M) ^xyH 



(32) 
(33) 



At this point a few comments are in order. As we have 
seen before, in the massless field case under study the 
growth power p is negative, which means that the quan- 
tity x cx (— t)( 2+ " p " 2 cx (— r) 2p is an increasing func- 
tion as r — > 0. Therefore, though the Yj„|(:r) solution 
is the dominant one at early times, it is decreasing in 
nature and soon becomes sub dominant with respect to 
the increasing J\ v \(x) solution. A related consequence 
of the growth power of x, 2p, being negative is that as 
opposed to the standard inflationary scenario where the 
modes exit the effective horizon 1/aH during inflation, 
here, during super inflation driven by quantum effects, 
the modes enter the effective horizon given by y/D / 'aH. 
Conversely, in the situation in which the universe is un- 
dergoing a collapsing evolution, modes eventually exit the 



horizon. We will see that this not necessarily the case for 
the scaling solution. 

While this is interesting, it raises a serious interpreta- 
tional issue. In standard inflation, the short wavelength 
limit is the same as the r — ► — oo limit, so all wave- 
lengths can be considered to be small compared with the 
cosmological horizon at the earliest times. In this limit 
it is natural to assume that the small scale perturbations 
are governed by quantum mechanics and the normaliza- 
tion is performed in this limit. As the expansion pro- 
ceeds however the physical wavelength of the modes is 
increased, or equivalently the cosmological horizon size 
is decreased. The modes are pushed outside the horizon 
as this behavior proceeds. The modes effectively become 
classical, and the spectrum calculated in this limit can 
also be interpreted as a classical spectrum. In the case 
at hand, however, this is no longer true, and it is not 
clear whether we can interpret the spectrum calculated 
on long wavelengths as a classical one. 

Taking this caveat on board, let us nevertheless pro- 
ceed with the calculation. Using only the dominant part 
of Eq. l(3Tj|l with the help of Eq. the power spectra 
Eq. (PUl reduces to 



V u = — 




OC fc3-2 M (_ r) l-M(n P +2) ( 



which for our massless field example (where v 
from Eq. j5B)l). yields 

V u cx k 3 ~ 2 ^ (-r) 2 ("- 2 )/("- 4 ) . 

Then using V<j, = DV u /a 2 , we find 



(34) 
-n/8 

(35) 



V,p oc 



Dk 



H 1 



D 1 / 2 \ aH 



3-2\v\ 



K £3-2|i/| /_ T \l+p(n-2)-|i/|(np+2) 



(36) 



which for the massless case, turns out to be time inde- 
pendent which tell us that the evolution of the scalar field 
perturbation is frozen on super horizon scales. We can 
also conclude that, for this case, one obtains scale invari- 
ance of the scalar field perturbation only when n = 12. 



B. Scaling solution 

We can follow the same procedure for the self interac- 
tion potential with a scaling solution. In this case, using 
Eq. H15|) we obtain 



2 2 



-2+(3-2n)p+-(6 + 2n-n 2 )p 2 , (37) 
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and for the quantity v we have from Eq. (|28() 

J 9 - I2p + 8np - 12p 2 - 4p 2 n + 2n 2 p 2 . . 

v = ~- 7T- , 38) 

2 + np 

where p = — 4/(n/3+4). In this case we do not necessarily 
encounter the same behavior found in the massless case 
where the modes enter the horizon during the super in- 
flationary phase. In fact, for (3 > 2 — 4/n we have that x 
is now decreasing as r — > 0. Hence, for these values of (3, 
the dominant solution is always the Y|„| {x) function and 
the modes exit the effective horizon during the evolution. 

In the limit of large (3 we have that p approaches zero 
and hence we have v — > —3/2 which gives scale invari- 
ance. It is interesting to note that, in the limit of large /3, 
the power spectrum is scale invariant regardless of n (or 
the quantization parameter I). This is easy to understand 
because in this limit Eq. 1)21) [) approaches 

2 

w' k ' + k 2 w k w k — , (39) 

with k 2 = D*A n k 2 , which is of similar form to the anal- 
ogous equation in the case of slow-roll inflation. Because 
the equation takes this form, the x <C 1 limit is identical 
to that for standard inflation and the Minkowski space 
limit is recovered, removing another conceptual problem. 
The multiplicative factor in k 2 affects the normalization 
of the power spectrum but not the scale dependence, 
which is independent of n. It is also interesting that 
no fine tuning of the n (or I) parameter is required and 
that the solution is stable in the sense that (3 ^> 1 corre- 
sponds to background solutions which are stable to linear 
homogeneous perturbations [3^|. This limit corresponds 
to the condition of a very steep potential which means 
that a, and hence D, are nearly constant despite H vary- 
ing. From Eq. (|15f) we see that this means in this case 
the potential term is the most significant part of m 2 s . 

Using Eqs. (|34|) and l|3tj[l we see that in the limit of 
large (3 we have for the power spectrum, 

P 4> = (D*A n+4 y 1/2 (2ttt)- 2 , (40) 

independent of n. 

We conclude that nearly scale invariance is a natural 
prediction of the LQC universe sourced by a steep poten- 
tial of the form given by Eq. I|10|) . As will be discussed 
below, we must not over emphasize this result as it may 
change if metric perturbations are significant. 

There is, however, an additional solution for a par- 
ticular fine tuned value of (3 which gives v — 3/2 and 
hence also scale invariance. Indeed, as we decrease the 
value of (3, we see that at np = —2 or (3 = (2n — 4)/n, 
the value of v blows up to — oo and switches sign. As 
(3 approaches zero, p approaches —1 and consequently 
v — > y/9 — 12n + 2n 2 /(n — 2) which is always between 
\/2 < v < 3/2, therefore, v must cross the value v = 3/2 
at small [3. A scale invariant power spectrum is therefore 
possible for small (3 but subject to a severe fine tuning. 



VI. DISCUSSION 

In this article we have computed the power spectrum 
of the scalar field perturbations for two distinct situa- 
tions. First we have considered the dynamics of a mass- 
less scalar field. We found the interesting behavior that 
the modes of the scalar field perturbations enter the effec- 
tive horizon during the superinflationary phase in clear 
contrast with the evolution in standard slow-roll infla- 
tion. Scale invariance is possible in this case but at the 
cost of the fine tuning of the quantization parameter I. 
However we note that the required value n = 12 (I = 2/3) 
is not one of the values which are favored by considera- 
tion of the full theory. 

An interesting question is whether allowing the param- 
eter function G to vary from unity would modify the 
phenomenology. It is easy to see that the effect of the 
function G on the k dependence, is to change Eq. lt28|) 
such that v = —(1 — 4m 2 ir r 2 ) 1 / 2 /(2 + np + rp), while 
m e ff remains unaltered. Hence there is an extra degree of 
freedom in this case, and it would be interesting to inves- 
tigate whether scale invariance can be achieved without 
moving away from the preferred values of quantization 
parameters using this freedom. 

Before leaving the massless case it is also worth noting 
that even in the limit I = 0, which represents exponential 
expansion H = 0, we do not find a scale variant spec- 
trum and we still have the problem of modes entering 
the horizon. This is in stark contrast with earlier work 
|2l| which, at least in part, motivated our investigation. 
Indeed within our calculation even if we had imposed by 
hand that the background evolution was exponential (i.e. 
fixing p — — 1 but leaving n free), we would have obtained 
scale invariance provided that n = 0orn=12/5. Again, 
in contrast with the previous study. 

The fine tuning displayed above is evaded in the second 
situation we investigated, that of the scaling solution. By 
including a self interaction potential, we gain a degree of 
freedom that can be used to set the region of parameter 
space that offers the desired features of the inflationary 
scenario i.e. modes exiting the horizon and near scale 
invariant power spectrum of perturbations. Moreover it 
is clear that allowing the G function to vary will not affect 
this limiting behavior since the p — > limit ensures G will 
be close to a constant. 

At this point in the discussion it is useful to say some- 
thing about when we might expect our calculation to be 
accurate, and how it could be applied to derive the co- 
moving curvature perturbation. This quantity is useful 
since under very general circumstances it is conserved on 
super-horizon scales. Hence its spectrum calculated as 
modes leave the horizon during inflation is equal to the 
spectrum as these modes re-enter at a later time, when 
they account for the formation of cosmic structure. In 
our calculation we have simply calculated the scalar field 
spectrum during super-inflation, however, we would like 
to convert this result into the comoving curvature spec- 
trum. To make this conversion we must pick a gauge in 
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which we assume that the metric perturbations in the 
scalar field equation are sub dominant to the scalar field 
perturbations, as in this gauge our calculation will be 
accurate. If this is the spatially flat gauge then the con- 
version to the curvature perturbation would simply be 
given by Pn = (Tt/(f>') 2 Pct,. To convert the spectrum in 
this way is the procedure used in Ref. |7j for standard in- 
flation. However, until the full equations of gravitational 
and matter perturbations are known we will not know 
in what gauges (if any) the metric perturbations can be 
ignored, and hence how to convert our spectrum to the 
spectrum of curvature perturbations. 

In addition to the inclusion of the background pertur- 
bations into our calculation, a further way to improve its 
accuracy consists of relaxing the assumption that a <C a* , 
and hence by using the full form of the function D(a), 
rather than its asymptotic approximation. This would 
require the mode functions to be solved numerically, and 
it would be interesting to compare this approach with 
the analytic results derived here. 

Nonetheless, our aim was not to establish a robust pre- 
diction for the spectral index from LQC inflation, but 
rather to illustrate three important points. First, subject 
to the approximations we have to make, a scale invari- 
ant spectrum is possible for LQC inflation even when the 
equation of state differs from w rs — 1. This is a great 
surprise considering our experience from standard infla- 
tion. Second, even when the universe is super-inflating 
the Fourier space modes of the scalar field perturbation 
are not necessarily pushed outside a suitably defined hori- 
zon. We encountered this type of behavior in the mass- 
less case. This again is unexpected considering standard 
inflation. Third, just like in slow-roll inflation, when cal- 
culated with the standard techniques, there is consider- 
able freedom in the value of the spectral index from LQC 



inflation. This freedom is related to the form of the po- 
tential and, uniquely to LQC, it is also dependent on the 
choice of quantization ambiguities. In particular we ex- 
pect that, if we consider potentials other than those that 
generate a scaling solution, the spectral index may be 
greater or less than unity. 

We argue, therefore, that our calculation is an impor- 
tant towards understanding the phenomenology of LQC. 
In particular it highlights these three features which are 
likely to carry over to a full analysis including metric 
perturbations, and which deserve considerable attention. 
The calculation is also important given the likely com- 
plexity of the full perturbed equations. Once the full 
equations are known we will be able to determine when 
our calculation ought to provide an accurate answer, and 
in these cases it will provide a useful check on any spec- 
trum of perturbations calculated using the full equations. 
As we have seen there are many subtleties in any calcula- 
tion of a perturbation spectrum. It may even be that the 
approach of using the full equations to determine when 
background perturbations can be ignored and perform- 
ing the calculation given here, is the only case in which 
the spectrum of perturbations from inflation in LQC can 
be determined using the standard techniques. 
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